In the framework of the program on medical applications a compact 750 MHz RFQ has been designed and built to be used as an injector for a hadron therapy linac. This RFQ was designed to accelerate protons to an energy of 5 MeV within only 2 m length. It is divided into four segments and equipped with 32 tuners in total. The length of the RFQ corresponds to 5λ which is considered to be close to the limit for field adjustment using only piston tuners. Moreover the high frequency, which is about double the frequency of existing RFQs, results in a sensitive structure and requires careful tuning. In this paper we present the tuning algorithm, the tuning procedure and rf measurements of the RFQ.
I. INTRODUCTION
The high frequency RFQ (HF-RFQ), shown in Fig. 1 , for medical applications will be used as an injector for the LIGHT project, a linac based proton therapy facility [1, 2] . Beam dynamics parameters have been chosen in order to minimise beam losses above 1 MeV and to meet the requirements as an injector for facilities working at 3 GHz [3] . From an RF point of view the very compact 750 MHz 4-vane structure operates at about twice the frequency of existing RFQs [4] , increasing the demand of mechanical precision. It consists of four modules with a length of about half a meter. The parameters of the RFQ are summarized in Table I .
In order to meet the required beam and rf parameters a RFQ needs to be precisely machined and assembled but also properly set up in terms of rf parameters. The field tuning plays an important role in order to deliver the longitudinal voltage distribution as required from the beam dynamics design. This means in our case a constant longitudinal distribution of the quadrupole mode. The influence of dipole modes should be as small as possible.
The tuning of a 4-vane RFQ is usually done by moving an array of piston tuners that influence the fields inside the cavity. In order to perform the field tuning a relation needs to be made between the desired and measured fields of the cavity and the dimensions of the tuners. In general many tuner algorithms for accelerator cavities are based on equivalent circuit models [5] [6] [7] . This is also the case for RFQs, where the measurable field errors, usually obtained using the standard bead-pulling technique, are described as elements of the circuit [8] [9] [10] . Then different mathematic approaches can be used to find tuner settings that adjust the fields to the desired values [11] [12] [13] . Usually after a few iterations a satisfactory field distribution is reached. In our approach the influence of the tuners was measured directly to obtain a response matrix that describes the relation between actual and desired fields and the tuner settings. Problems like inverting a nonsquare and illconditioned matrix in this case have been solved by using singular values decomposition (SVD) of the matrix as discussed in this paper. This leads to a simple and powerful tuning algorithm that allowed a fast field tuning of the RFQ.
Also the high frequency of the RFQ lead to a demand of high precision in terms of tuner placement. Often dummy tuners are used for field adjustment and final tuners are machined according to measurements [14, 15] . In our case a tuner tooling was developed to allow us to directly adjust the position of the final tuners. FIG . 1. The picture shows the fully assembled RFQ while tuning and bead pull measurements were made with the attached power couplers, pumping ports and tuners. The tuners are mounted with a tuner tooling that allowed a precise adjustment of the tuners penetration depth for tuning. The paper will describe the measurement equipment and the tuner tooling that was specifically developed for this RFQ. Measurements on single modules are presented and compared to simulations. The tuning algorithm will be introduced and explain how SVD (singular value decomposition) was used to invert the nonsquare and ill-conditioned response matrix. This is followed by a description of the tuning procedure paying special attention to the use of different obtained solutions for tuner settings by the algorithm in order to avoid remeasuring the response matrix and to speed up the tuning process.
II. MEASUREMENT EQUIPMENT

A. Bead pull system
The bead pull system, meaning all parts necessary to make the bead travel through all the quadrants of the HF-RFQ, was previously used for the tuning of the LINAC4 RFQ at CERN [16, 17] . All the components were reused for the newly built RFQ and adapted onto a cradle support separately built unlike the LINAC4 system which saw the components directly attached to the RFQ. The pulleys, adjustment devices and motor were assembled in a way to fit the RFQs dimensions. Pictures in Fig. 2 show the bead pull setup.
An aluminum bead with a length of 7 mm and a diameter of 4 mm was used to gain proper bead pull results. A smooth movement of the bead through the 4 quadrants and around all pulleys was achieved by using a 0.3 mm fishing wire.
B. Tuner tooling
In order to achieve an accurate adjustment of the position of the tuner a special tool was developed. Figure 3 shows cross-sectional views of this tuner tool.
The tuner itself slides along a tube attached to the outer surface of the tuning port flange which offers an accurate transversal position. With the help of a fine thread screw attached to the back of the tuner and a lateral pin preventing its rotation the tuner slides along the tooling tube with a pitch of 1 mm per turn given to the nut on the outer side. The play in the thread is suppressed with the help of a spring providing continuous contact to one side of the thread. For alignment a coarse scaling with 1 mm steps using the pin as reference was provided, while a finer scaling on the screw-nut with 1=100 mm division was used for precise alignment. Two pictures of the scaling at the tuner tooling is shown in Fig. 4 .
III. SINGLE MODULE MEASUREMENTS
Measurements on single modules have been made in order to compare the longitudinal field distribution to simulation results and assess if there is any need for the use of the pumping ports as tuning features in addition to the tuners. Besides this the single modules were used to debug and align the bead pull system to guarantee preparation for the full assembly measurements.
To match the boundary conditions two extension parts were attached to the modules. These parts, shown in Fig. 5 , are tubes that were adjusted in length and diameter by simulations to allow the field to decay within the tube. The diameter was matched to meet the frequency of the RFQ. Since the fringe fields of the RFQ decay exponentially with distance, the length of the tube was chosen to be as long as the frequency did not depend on the tube length anymore.
The bead pull and mode spectra measurements of the single modules have been compared to simulation results in order to assess the mechanical accuracy of the single modules. In Fig. 6 In Fig. 7 the Q, Ds and Dt components of the single modules are compared to simulations at the actual frequency of the TE 210 mode of the modules. Since the dipole components of the TE 210 mode is zero in simulations it is not included in the plots. The Q component shows a very good agreement between measurement and simulation for all modules. The difference is below the effect of the displacement of the wire in one quadrant of 1 mm. The errors of the dipolar components, Ds and Dt, of the single modules are all within AE3%. This confirms the precise machining and brazing within the specified tolerances. A comparison of all dipolar components of the single modules is given in Table II .
The errors of modules 1 and 4 might also be attributed to the more complex geometry of the modules with the vane undercuts at the extremities of the RFQ. Maximum errors for the quadrupole components are about AE2.6% by means of local deviations from simulations.
IV. FULL ASSEMBLY OF THE RFQ
The high frequency of the RFQ leads to a high demand on machining and assembly tolerances as well as for field errors. Machining tolerances based on error studies of mechanical errors, rf jitter and beam errors were AE10 μm for the cavity and AE5 μ for the vane tips. The assembly tolerance for the four vanes was AE15 μm [4] . From the finally reached machining and alignment errors field errors of AE2% for Q, Ds and Dt could be tolerated by beam dynamics. The tuning range spanned by the tuners was AE11 mm that corresponds to a total frequency shift of AE13.73 MHz. However during the tuning less than half of the tuner range (AE4.2 mm) was needed to reduce field errors below AE2%. A measured mode spectra of the fully assembled RFQ is shown in Fig. 8 , where the operating mode is indicated with Q 0 . The plot shows a separation of the neighboring dipolar modes by more than 10 MHz after full assembly of the RFQ including the end flanges with dipole stabilizer rods.
A. Reliability tests
Before the tuning process was started, several tuner movements were executed in order to learn about mechanical hysteresis effects of the tuner tooling and to determine reliability of the placements of the single tuners. An improved handling of the tuner tooling guaranteed a reliable tuner movement in a way such that a certain penetration depth of a tuner always gives the same results for frequency and field distribution.
A bead pull measurement of all quadrants and calculation of the Q, Ds and Dt components was done for the movement of tuner 6 and tuner 25. A tuner in first and fourth module was chosen in order to estimate the possible field tuning range. Figure 9 shows a plot of all components of the movements of the two tuners.
The quadrupole component could be compensated almost using only one tuner. From this plot it is also obvious that to compensate also the dipole components at the same time a more complex tuner configuration is necessary. The sensitivity of the tuners is well within the range of the initial field distribution. This plot also shows that tuner 6 in quadrant q2 has almost no influence on the Ds component that is calculated using quadrants q1 and q3. The same behavior was found for tuner 25 in quadrant q1 that does only barely affect the Dt component calculated using q2 and q4.
B. Tuning algorithm
The aim of tuning is to adjust the fields of the RFQ according to the requirements of the beam dynamics design. Therefore the RFQ is equipped with 32 tuners that can be moved precisely into the cavity to influence the fields. By adjusting the penetration depth of the tuners the magnetic field distribution in azimuthal and longitudinal direction can be influenced. The goal of the tuning process is to find a mechanical setting for each tuner that provides a constant longitudinal field distribution for the quadrupole mode (Q). The dipolar components (Ds, Dt) should be zero or minimised to a small fraction of the quadrupole component.
Response matrix
The tuning algorithm is based on a response matrix that describes the influence of every tuner to every field component for all longitudinal locations. To obtain the field distribution the standard bead pull technique is used. The magnetic field distribution is described in terms of quadrupole (Q) and dipole (Ds, Dt) components. If q 1 , …; q 4 are the bead pull measurements of the longitudinal field distribution of the four quadrants, the transversal amplitudes are defined as
The amplitudes are supposed to be
This implies that the magnetic flux in all quadrants is the same for a pure quadrupole mode. In longitudinal direction the quadrupole mode should be constant for the HF-RFQ and the dipole components should be as small as possible to guarantee a clean quadrupole mode. The field along the RFQ is determined by i measurement locations. As tuning devices we have a number of j tuners available. Then we define
where ⃗ V i describes the difference between the target ⃗ V ti and actual ⃗ V 0i longitudinal field distribution. The vector entries are the amplitudes of the Q, Ds and Dt components obtained from measurements. The vector ⃗ T j is defined as the difference between the target ⃗ T tj and actual ⃗ T 0j tuner setting of all tuners.
If we move one tuner a changed field distribution from the initial one can be measured. From this we can calculate the ∂ ⃗ V i and we know the change of tuner setting ∂ ⃗ T j . Now we can calculate the derivative of every field component for all longitudinal measurement locations ∂ ⃗ V i =∂ ⃗ T j . If we do this for every single tuner one by one we can obtain a matrix that describes the influence of every tuner movement on all field components at all longitudinal positions and we can write the equation with the colored components Q (blue), Ds (red), and Dt (yellow). All colored entries are known by measurements and calculations. In short we can write
The initial tuner setting is zero for all tuners and the only unknown is the tuner setting obtained by inverting the Matrix M.
Due to errors in the tuner adjustment and the fact that the tuner movement does not influence field and frequency in a perfectly linear manner the procedure has to be repeated several times. Hence obtaining the desired field distribution is an iterative process. Therefore the calculated tuner settings ⃗ T j has to be applied to the tuners and the field has to be remeasured to obtain a new ⃗ V 0 . This has to be repeated until an acceptable difference in ⃗ V ti − ⃗ V 0i is achieved [18] .
The dimensions of the matrix are given by the number of tuners and by the number of measurement locations times three for three components Q, Ds, and Dt. For the HF-RFQ this was a 32 × 33 nonsquare matrix and hence not very simple to invert. In order to solve this the matrix was inverted using the singular value decomposition.
Singular value decomposition
An introduction how the singular value decomposition (SVD) was used for the tuning algorithm is given in the following. More detailed information about SVD can be found for example in Ref. [19] . A singular value decomposition is a factorization of normal or complex matrix into three matrices.
U is a m × m and column orthogonal matrix whose columns are the eigenvectors of the MM T matrix (left eigenvectors)
S is a m × n diagonal matrix whose diagonal elements (non-negative real values) are the singular values of M V is a n × n orthogonal matrix whose columns are the eigenvectors of the M T M matrix (right eigenvectors) S ¼ diagðσ 1 ; σ 2 ; …; σ n Þ is ordered so that σ 1 ≥ σ 2 ≥ … ≥ σ n (if σ is an singular value of M it's square is an eigenvalue of M T M) Besides other applications SVD is a powerful tool to compute the inverse of a matrix, even if it is nonsquare and ill-conditioned.
If M is a n × n matrix, its inverse is given by
where
If M is singular or ill-conditioned, SVD can be used to approximate its inverse by the following
where t is a small threshold. If M is a square matrix also S is square and can be simple inverted by inverting each element of the matrix. If M is nonsquare the also nonsquare diagonal matrix S can be inverted by using the pseudoinverse, inverting each element and then transposing it.
For the tuning process the following equation has to be solved.
A solution of tuner settings is given by
since this set of equations is overdetermined, M is nonsquare and ill-conditioned and SVD is used for the inversion of M and the pseudoinverse is used to obtain S (14) . To do so in a first step the largest 1=σ i is set to zero.
From now on the pseudoinverse of S is named S inv 0 leading to a solution for a tuner setting
Since M is a 33 × 32 matrix the number of singular values is 32. As first step to obtain an approximation for S −1 0 , S inv 1 is calculated by setting the largest inverse singular value to zero [Eq. (18)]. In a second step the second largest inverse singular value is set to zero [Eq. (19) ], and so on.
. . .
From these different S inv i also different tuner settings can be obtained using Eq. (17).
Now we found 32 possible solutions for tuner settings to compensate ⃗ V in the first iteration. But some of these solutions can not be used due to large tuner settings that are clearly out of the mechanical tuning range. Also the different S inv i with manipulated singular values are only approximations of S −1 0 and one has to check the agreement of ⃗ V. This agreements are also an indication for how good a certain solution for ⃗ T svd i might compensate the field derivation ⃗ V. These predictions are obtained by using the tuner settings ⃗ T svd i and the original response matrix M.
These predictions of which field deviation will be compensated ⃗ V svd i can be compared to actual field deviation ⃗ V to find a best fitting tuner setting ⃗ T svd i as shown in 
C. Field tuning
After the reliability measurements the tuning process was started. Figure 11 shows the initial field distribution of the Q, Ds, and Dt component of the fully assembled RFQ. The purple crosses indicate the 11 measurement points along the length of the RFQ that were taken for the calculations of matrix M described in Sec. IV B 1.
First, all tuners have been moved one by one by 3 mm inside the cavity. For each tuner movement a bead pull measurement was executed to obtain the influence of every single tuner on the longitudinal field distribution of all components at the locations indicated in Fig. 11 by crosses. Figure 12 shows all tuner influences on the different field components.
From these data the vector ⃗ V and the response matrix M, as explained in Sec. IV B 1, were determined. After inversion of the matrix M and manipulation of the singular values, 32 solutions for tuner settings were found as described in Sec. IV B 2. From comparison of ⃗ V with ⃗ V svd i an optimum solution for tuner settings ⃗ T svd 21 was T1  T2  T3  T4  T5  T6  T7  T8  T9  T10  T11  T12  T13  T14  T15  T16  T17  T18  T19  T20  T21  T22  T23  T24  T25  T26  T27  T28  T29  T30  T31  T32 relative field amplitude found to start the tuning process. The predicted tuner displacements of ⃗ T svd 21 were applied to the 32 tuners followed by bead pull measurements. From the new field distribution a new ⃗ V was calculated and by making use of the matrix again a new ⃗ T was computed and applied to the tuners.
This procedure of applying tuner corrections, measuring field and calculating new corrections was repeated four times. The change of the quadrupole and dipole components within the first four tuning iterations are presented in Figs. 13 and 14 .
After four iterations the Q component was already well compensated, but there is almost no change on Ds and Dt noticeable from 3rd to 4th iteration as shown in Fig. 14 . This means the solution has already converged and no significant change of the dipole components is expected any more.
At this point either all tuners have to be moved again to obtain a new matrix, which is very tedious work and brings the risk of introducing errors, or another solution from the already 32 obtained solutions can be used. The latter is explained in the following. Figure 15 shows the predictions of the field compensation. The horizontal axis shows the longitudinal measurement points for the Q, Ds, and Dt components. On the vertical axis the relative deviation from the desired field components is depicted.
In this plot the dark blue line represents the initial field that needs to be compensated. The purple line is the prediction for the first tuning iteration and shows a very good agreement with the dark blue line for the quadrupole component. After four tuning iterations the field to be compensated is given by the red line. The prediction to compensate this, see line in light blue, shows a poor agreement with the red line in case of the Ds and Dt components. For this reason another solution from the 32 predictions was chosen. The prediction of the next tuning iteration using now ⃗ V svd 18 is given by the yellow line. This shows an acceptable agreement for the quadrupole mode, which is anyway very well compensated already, but a much better agreement with the two dipolar components. After two more iterations, 5th and 6th iterations shown in Fig. 14 , with ⃗ V svd 18 the compensation of all modes was in a very acceptable range. All the field and frequency adjustment steps with the corresponding field errors is shown in Table III .
D. Frequency tuning
Determination of the target frequency
Tuning of the frequency is not included in the field tuning algorithm. However in order to adjust the RFQ frequency to the operating frequency and simultaneously keeping the field distribution constant, all tuners have to be moved equally by the same amount of length to approach the target frequency of 749.48 MHz, a subharmonic of the LIGHT S-band cavities operating at 2997.92 GHz. Since 749.48 MHz is the RFQ frequency in vacuum and setting the cavity under vacuum was not possible with the tuner tooling attached, the frequency had to be scaled to be measured in dry nitrogen which was injected with a light flow during precise frequency adjustment. In addition the influence of the wire for bead pull measurements and the operation temperature of 24°C was taken into account as well, leading to a target frequency of 749.2623 MHz. Figure 16 shows the frequency at the different tuning and frequency adjustment steps.
Frequency adjustment
It shows also that the tuning iterations increase the frequency of the RFQ. In order to stay in a reasonable physical tuner range a first frequency adjustment was done after the fourth 4 field tuning iteration. Two more field tuning iterations increased the frequency further. Then the field errors were in an acceptable range and the tuners were moved all equally in order to adjust the frequency. After five frequency adjustment steps the target frequency was reached (step 6 in Fig. 16 ) and the tuners were cut to their proper individual length. After tuner machining and assembly (step 7) the frequency was unexpectedly too low. This is explained in more detail in the paragraph IV D 3. After a second tuner remachining and assembly the target frequency was set (step 8). After the proper frequency was set the field distribution was confirmed without significant changes, Fig. 17 .
Tuner cutting
The tuners were premachined with an additional length of 11 mm. The penetration depth of the tuners was measured using a scaling on the screw-nut using the turns of the thread and additionally with a caliber from the Step 1 all T -0.5 mm air tuning iteration 5 tuning iteration 6
Step 2 all T -0.2 mm air
Step 3 all T -0.5 mm air
Step 4 all T -0.2 mm air
Step 5 all T -0.03 mm air
Step 6 all T -0.02 mm air
Step 6 all T -0.02 mm nitrogen
Step 7 after T remachining air
Step 7 backside of the tuner flange to a reference surface at the tuner tooling. The agreement of both measurement methods was within a maximum error of AE0.06 mm. During field tuning each tuner was set to its individual penetration depth. This was measured and in order to insert them with their final length the tuners were remachined. After the cutting of the tuners to the determined length and assembly with the final copper gaskets, the frequency and field distribution was confirmed to be in the desired range. Frequency measurement in vacuum have given a frequency deviation of 0.00125 MHz above the target frequency. Figure 18 shows the bead pull measurement of the Q, Ds, Dt components after field and frequency tuning.
E. Power couplers/Q-values
For the determination of the different Q-values the S11 parameters of all power couplers have been measured as a function of frequency with a bandwidth of 1 MHz. Figure 19 shows the schematic power coupler configuration of the RFQ.
While one power coupler was measured the others where connected to 50 Ω attenuators. This setting is indicated with a Ã at the Q-value. The definitions for the calculations are listen in Table IV . All measurements have been saved in the Re/Im format of a smith chart. Then Q Ã 0 and Q Ã L could be obtained from the data as described in Ref. [20] .
From the measured Q
, Q ext i were determined
Then the total Q ext was calculated using
to obtain Q 0 i with the following formula
The measured parameters are listed in Table V together with the design values for comparison.
F. Antenna calibration
For the antenna calibration S 21 parameters from all 4 power couplers to all 16 antennas have been measured at operating frequency. This data was used on the one hand to observe a possible change of longitudinal field distribution, for example due to transport, installation or during operation and on the other hand calculate the output power at the antennas at the nominal voltage of 67.6 kV.
Field distribution
In order to be able to observe a change of the field distributions the relative field levels at the locations of the 
This means that the S 21 measurements are proportional to a function of the field and the coupling at every antenna
Since only the relative field distribution is of interest each measurement can be normalized to a measurement of any other antenna. S
is the S 21 measurement from coupler 1 to the i-th antenna that is normalized to the measurement from coupler 1 to antenna 1.
Since the coupling is not changed β i =β 1 is constant and the ratio in Eq. (33) only depends on a possible change of field. By dividing the magnitude of the S 21 measurements of one power coupler to all antennas normalized to antenna 1 by the field level at the location of the antennas obtained from bead pull measurements also normalized to the field value at the location of antenna 1, one receives curves (shown in Fig. 20 ) that should be equal for all 4 measurements for each power coupler. This is a characteristic curve for the antenna settings for this RFQ. A change of field would result in a displacement of all four coupler to antenna measurements compared to the situation before. Figure 20 shows the measurements at CERN before the transport of the RFQ. The plot in Fig. 20 shows a good agreement of all curves. Slight deviations are related to measurement errors. A displacement of a new measurements of all four curves to the four curves measured before would be a clear indication of a field change.
Power level at the antenna output
Parameter definitions for the calculations in this paragraph are listed in Table VI.  Table VII lists the parameters used for the following calculations. 
